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Rings Definition

© Let Rbe a non empty set and +, .be two binary operations
in R. (R,+,.) is said to be a ring
) (R,+)is an Abelian group

a. Closure Law

b. Associative Law
c. Identity Law

d. Inverse Law

e. Commutative law

) (R,.)1s a Semi group
1) Distributive laws holds




Boolean Rings

In a ring if a® = a then that ring is called a Boolean
Ring.
Every Boolean Ring is abelian
Proof:-forabe R - a+b €ER
s (a+b)*=a+b
- (a+b)la+b)=a+b
- (a+b)+(ab+ba)=(a+b)+0
— (ab+ ba) =0
— ab = ba
Hence R is abelian




Problems on Rings

LIUD @ 2o

3. Prove that the set of even integers is a ring,
. . Fi ’ ‘ ' . 3 ) e

d El.ual addition and multiplication of integers.

under us

Sol. Let R = the set of even integers. Then R={2x|xeZzy,

Commutatiye With,
U

abceR=>a=2mb=2n,c=2p where mn,peZ.

(R,+) is a commutative group. (see ex. in groups)
a.b=(2m) (2n) =21 where | = 2mnec 7

- Multiplication () of integers is a binary operation in R.

(a.b).c=(2m.2n).2p=8mnp and a.(b.c)= 2m.(2n.2p) =

8mnp
“(a.b).c=a.(b.c)

= Multiplication () is associative in R.
a.(b+c)=2m (2r+2p)=2m.2n+2m. 2p
Similarly, (b+c).a=b.a+c. g
.. Distributiye laws hold in R

: Hence (R,+,+)is a ring.
Since '] is not :
Ot an even mteger; |

€ R and hence R has no unity element.

=a.b+a.c




Zero Divisors of a Ring

© Two non zero elements a, b of a ring R are said to be
zero divisors if ab=0

=

ra K
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— 4 ring R has no zero divisors if and only m Ex
acsd (A. N. U. M15, 5. K. D. 04, K. 1, oy “Mlagiy, " "

» ﬂ'ﬂj S.Lu::n} da

i |
n 1.21'-;“1 L] s

mn_ {I_‘el-thf ring have no zero divisors. We prove that cancellaiq
abceR and a #0,ab=ac = ab—ac=0

R = b—c=0 (rax0)= b=c

Similarly we can prove a # 0,ba=ca=>b=c

Conversely, let the cancellation laws hold in R. We prove that R p o

. L1
If possible, suppose that there exist a,be R such that a #0,b#0ang 4 _ . d

ab=0=ab=a0=5b=0 (By cancellation law)

This is a contradiction. . a#0,h+0 and ab =0 1is not true in R

! . R has no zero divisors.



Integral Domain

© A commutative Ring with unity containing no zero divisors
is an Integral Domain.

Ex. 9. Prove that the set Z[il={a+bila,be Z,i* = -1} of Gaussian integers is an

integral domain with respect to addition and multiplication of numbers. Is it a field ?
(S. VU . MI15,01,0.U. 01, N.U. 04)

Sol Let Z(i)={a+bi|la,beZ} .

Let x,ye Z (i) so that x =a+bi,y = c + di where a,b,c,d e Z

s
= = b+ d = Z
+c)+(b+d)f=al+b1f where a = a+ c.bH
P b)) +Cad + bc) i = a2 + b>i where a> — ac — bd . b> = ad + bc = Z
x . w = (ac— j _
- +_ e are binary operations 1n Z (&) -
ements of Z (i) are complex num

commutative in Z (i) .

1 bers we have that
Since the e

(i) addition and multiplication are

(ii) addition and multiplication are associative in Z (i) and

(i77) multiplication is distributive over addition in Z (7)) -
Clearly zero element = 0+ 07 =0 and unity element =1+ 07 =1 -
Further, for every x =a+ibe Z (i) we have —x — (—a) +i (—b) € Z ()
hat x+(—x)=f{a+ ()} +i{p+ ()] =0+7/0=0

4 COIXIXY]

ative ring with unity element.




©  Def: A commutative ring with unity is called a filed if
) 1)Risaring ii) Ris Commutative iii) R has unity element iv) every non
zero element of R is invertible

[ Theorem. 5. Every field is an integral domain. ‘

(K. U. MI5,N. U. 12,01,0. U. 03, S. K, U. 07.5'.!5 "M 14,08

Proof Let (F,+,+)beafield. Then the ring F is a commutative nng Wlth unity and
having every non - zero element as unit.

But an integral domain is a commutative ring with unity and having no zerq divi
So, we have to prove that F has no zero divisors.
(Write the proof of the above Theorem (3))

Note. The converse of the above theorem need not be true. But g
with finite number of elements can become a field. Y

SOIS.

Wmam




Problems on Fields

S0, EVEry 1w — «~a~ ——- . — g R
Ex. 10. Prove that Q[ﬁ]:{a+bJ2|a,beQ} is a field with respect to ory
x. -

addition and multiplication of nur(nAb.e;.S}“”’ < K U. M15, A. N. U. 12, 5. V. U. 00, K. |

Sol. Let x,y,zeQ[ﬁ} so that
x=al+b1J-2_,y=az +b2ﬁ,z=a3 +b3sfi where ay.by.az,.b3,a3,b5 € Q !

x+y=(a+az)+(&+b)IN2 =a+bJ2 where oy +ay =a, by +b =beQ
x.y=(aas +2bby) +(aby +arty) V2 =c+d~2 where c =aa; +2bb; € Q

and d =a)by +axh) € O

-. Addition (+) and multiplication (-) of numbers are binary operations in Q[+/2]
X+y=(a+a)+B +b) V2 =(ay +a) + (b + )2

=(ay +b32)+(a + B/2) = y + x = Addition is commutative.
(x+3)+z=(@ +az +a3) + (5 +b; +53) V2

and x+(y+2)=(ay+ay +a3)+ (B + by +by) V32
= (x+¥)+z=x+(y+z)= Addition 1s associative.
For 0 € O we have 0+(}J3=04.=.Q[\/5] so that




x+0=x for xe Q[/2]=0e ©[2] is the zero element.
For x=ay —+ By VW2 e o[~ 2] we have
—x=(—a))+ (—HB)IV2Z € O[/2] so that x+ (—x) = 0 = Additive inverse exists.

2],+) is a commutative group.

(e +61 ). (az + b2V 2) = (ayas + 2b,b3) + (ayba +azby) N2
] azzh == b.zal.l V2 = 3 . x = Multiplication is commutative.




Characteristic of a Ring

« The characteristic of a ring R is defined as the least positive integer p
such that pa=o0 for all a€ R. In case such a positive integer p does not
exist then we say that the characteristic of R is zero or infinite

Theorem: The characteristic of a Integral Domain is either prime or zero

Proof. Let (R, +,-) be an integral domain. Let the characteristic of R = p (#0).

If possible, suppose that p is not a prime. Then p=mn where l<m,n<p.

az0eR=a.a=a” R and a® =0 (- Risintegral domain )

pa: =0 = (mn) at=0 = (ma) (na) =0
=ma=0 or na=0 (++ R s integral domain )
Let ma=0. Forany xeR, (ma)x=0=a(mx)=0 =>mx=0 (-az0)
This is absurd, as 1 <m < p and characteristic of R = p.
wma#0 . Similarly, we can prove that ng # 0 .
~ This is a contradiction and hence p is a prime.




Subrings

o Def: Let (R,+,.) be a ring and S be a non-empty subsetof R. If (§,+,.) is
also a ring w.r.to operations then (S,+,.) is a subring of R
Theorem: Let S be a non empty subset of a ring R. Then S is a subring of R
iff a-b€S and ab €8

Proof. Let S be a subring of R.
We now prove that a—beS and abeSVa,beS.

Since S is a subring of R, S is a ring with respect to the addition and multiplication
operations in R.

~abeS=a-beS—=>a+(-b)=a-b S and a,b €S=ab €S

let a—b S and ab eSVa,b €85.

We now prove that S is a ring.

Since S is a non empty subset of the commutative group (R, +) with the condition
a—b €85 Y a,b €8 ; by group theory (S, +) is a commutative subgroup of (R, +).

Sincé ab € S ¥ a,b S, multiplication (+) is a binary operation in S.

Also, a,b,c € S = a.b,c € R=>a (bc)=(ab)c

Further a.b,c e S = a.b,c €e R = a(b+c)=ab+ac and (b+c)a=ba+ca

*. (S, +,+) is a ring and hence (S, +,+) is a subring of R.




©  Theorem: The intersection of two subrings of a ring is also a subring of R
i . — —— S — F Y |

—

Proof. Let §;, S, be two subrings of R. Let 0 € R be zero element.
Since every subring contains atleast zero element of the ring, 0 €5, and 0 - "
. 0 €§nS§, and hence §;NS, #¢ and 5,5, cR.

Let a,b €8§,nS,. Then a,b €8, and a,b €S,.

a,b €5, and §, is a subring of R = g €S and ab €,
a,b €8, and §, is a subring of R = q- €S and a,b €S,
From (1) and (2) we have a, 5 €§n§, ]

=a-b ESlﬁ82 and ab ES[ ‘\S.‘
~ §; NS, is a subring of R,




o« Def: Let (R,+,.) be a ring. A non empty susbset U of R is called an Ideal
ifi)a,peU— a-b €U ii) a €U and r ER—ar,ra €U

» Theintersection of two ideals of a ring R is an ideal of R

Proof. Let U;,U, be two ideals of the ring R.

If 0eR is the zero element, then 0 el and 0eU,.

- 0eU;nU, and hence U nU, # ¢

Let a,b eU;nU, and r €eR. Then a,b €U and a,b €U,.

a,b eU,,r eR and U, is an ideal = a-b €U, and ar,ra €U, e (1)
a,b €Uy, r € R and U, is anideal = a-b eU; and ar,ra €U, -2

From (1) and (2): a-b eU; NnU, and ar,ra eU;NU,

Hence U; nU, is an ideal of R.
= . I fFy TF7_ 07

- 2 a - | =




@ If U1and U2 are two ideals of a ring R then U1UU2 is an ideal of R if
and only if U1CU2 r:rf U2 CU1
Proof. Let |

1fpo.ﬂ.‘__‘”‘ "*i
Since Ul - |
Since U;
a EU!
a, b e ’41.
—=a-b el
But a0
a—b - 1
Both (
. Qur

_ or L'r:_! f_"[_

Then U,



Principal Ideals

Let R be a commutative ring with unity and a€R. The
Ideal{ra/r € R}of all multiples of a is called the
principal ideal generated by ‘a’ and it is denoted by

(a).

Principal Ideal Ring: A commutative ring R with
unity is a principal ideal ring if every ideal in R is a
principal 1deal




@ Theorem: The ring of Integers is a principal ideal ring.

Proof, Let Ube ideal of Zand U ={0}.  Then U s generated by the zero element.

*. U=(0) isa principal ideal . Let U'be an ideal of Zand U #(0).

there exists g e U so that g = O .

- "“T,Pi
U,U 1s an 1

T = deal = —a 7
Since 7/ — 7z . one of a,—a must be a positive 1mteger.

the set of positive integers U™ in U is non - empty.
by well - ordering principle " has a least member, say, b

We now prove that U = () = the principal ideal generated by '5".
Let x e 7 .

Since x,b are integers and p == O there exist g, Z
suchthat x=5bg +7; 0<r < b (Division algorithm).
beU.geZ and U is an ideal — bg < U ..

xelU,bgelU — x—bg=relU.
Now reU,0=<#7 <b and b is the least member in U+

x—bq:r:>x—bq=0:x=bq

= )
Hence x<cU = x = pg for qu:>U={bq|qu}=(b)-

. every ideal U of Z is a Principal ideal.

Nata 1 T - - =

Hence Z is a principal ideal ring.




Euclidean Rings

Def: An Integral Domain R is said to be Euclidean
ring if every a#0€R there is defined a non negative
integer d(a) such that

1) For all a,b €R, d(a)<d(ab)

2) For any a,b €R, there exist q,r €R such that a=bg+r
where either r=0 or d(r)<d(b)




© Theorem: Every field is a Euclidean Ring

Proof. Let F be a field and F~ be the set of all non-zero elements of F.
Since F is a field, F is an integral domain.
Define the mapping d: F" — Z by d(a)=0 (zero integer) vge F*

. d(a@a)z0VaecF

Let a,beF . Then a,6 and ab are non zero elements of F.

- d(a)=0 and d (ab) =0 = d (a) < d (ab)

Let aeFand be F". Now a=al where 1 is the unity element of /.
=a'b)=(ab )b Co0 b =1)
=(ab™') b+ 0 where '0' is the zero element of the field F.
. a=gb+r where g=ab ',r=0
Hence, for ae F.be F~ there exist g, € F so that a =gb+r where » =0 .

. F 1s an Euclidean ring.







